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Abstract
Suppose that R is a semiprime ring which is either a PI-ring or a countable ring. Then there exists
a collection of prime ideals Pβ , β ∈ Γ , such that each Pβ is invariant under all derivations of R and⋂
β∈Γ Pβ = 0.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout here, R is an associative ring, not necessarily with the multiplicative iden-
tity 1. By a derivation of R, we mean a map δ :R → R satisfying (x + y)δ = xδ + yδ and
(xy)δ = xδy + xyδ for all x, y ∈ R. Given a derivation δ of R, an ideal I of R is said to
be invariant under δ or δ-invariant for short if I δ ⊆ I . If I is such an ideal of R then δ
induces a derivation of R/I which inherits many properties of δ. If we have a family of
δ-invariant ideals Iβ with trivial intersection
⋂
β Iβ = 0, then the ring R can be embedded
in the direct product of R/Iβ and properties of induced derivations on R/Iβ can usually
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semiprime rings may be reduced to questions of derivations on prime rings. This amounts
to the existence of prime δ-ideals with trivial intersection for semiprime rings. We are thus
led to the following
Problem 1. Given a semiprime ring R, does there exist a collection of prime ideals Pβ ,
β ∈ Γ , such that ⋂β∈Γ Pβ = 0 and such that each Pβ is invariant under all derivations
of R?
Our first aim here is to give an affirmative answer to Problem 1 if R is countable (The-
orem 2.1). This is very useful. In many cases, we can construct a countable subring to
reflect desired properties of a given ring and then apply our result to the countable subring.
We illustrate the method in an application (Theorem 3.2), which generalizes a result of
Chacron [5]. Another general such method is the theory of orthogonal completeness due to
Beidar and Mikhalëv. But its prerequisite is that the result should first be extended to the
orthogonal completion. This can be very difficult or merely impossible especially when the
condition or the result, though uniformly in the form, varies locally with each element of
the ring, such as that of Chacron [5]. Our results are superior in this respect.
Let us survey some known results along this line. We call a prime ideal P of R minimal
if P does not properly include any prime ideals of R. Therefore, R is prime if and only if
0 is the only minimal prime ideal of R. It is well known that every minimal prime ideal
of a torsion-free semiprime ring is invariant under all derivations [7]. Herstein raised the
following
Problem 2. Given a semiprime ring R, does P δ ⊆ P hold for any minimal prime ideal P
of R and for any derivation δ of R?
The problem was also mentioned in [4,9,11]. The best result of the conjecture is the
following: A ring R is said to be of bounded index m if m is a positive integer such that
xm = 0 for all nilpotent elements x ∈ R. Beidar and Mikhalëv proved the theorem: Let
R be a ring of bounded index m such that the additive order of every nonzero torsion
element of R, if any, is strictly larger than m. Then all minimal prime ideals of R are
invariant under all derivations of R. (See [2] or [3, Theorem 8.16].) As a special case
of this, every minimal prime ideal of a reduced ring is invariant under derivations of the
ring. See [6, p. 614]. Unfortunately, Problem 2 turns out to be false in general. Chuang
and Lee [6] constructed a semiprime PI-ring R which possesses a minimal prime ideal
not invariant under a derivation of the ring. This semiprime PI-ring can be chosen either
countable or uncountable. We are thus led to the weaker conjecture Problem 1 above,
which still remains open in general. Note that the counterexample of [6] is a semiprime
PI-ring. We hence ask whether Problem 1 is true for semiprime PI-rings. This is answered
affirmatively in Theorem 2.2.
To facilitate the reduction of semiprime rings to prime rings for problems of derivations,
the following weaker conjecture actually suffices for this purpose.
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a collection of prime ideals Pβ , β ∈ Γ , such that ⋂β∈Γ Pβ = 0 and such that each Pβ is
invariant under all derivations in D?
We observe a reduction of Problem 3 in Theorem 2.3.
2. Results
Let R be a semiprime ring with extended centroid C and with symmetric Martindale
quotient ring Q. Then Q is orthogonally complete and C is a commutative regular self-
injective ring (see [1]). We denote by B the Boolean algebra of all idempotents in C. We see
that B forms a complete Boolean algebra [1]. Let T be a subset of R and let I = RTR. We
denote by AnnR(I) the annihilator ideal of I in R. Consider the map φ : I ⊕AnnR(I) → R
defined by a + b → a for a ∈ I and b ∈ AnnR(I). Since φ is an (R,R)-bimodule map, it
defines an idempotent in C, which we denote by E[T ] ∈ C. The central idempotent E[T ]
enjoys the property that E[T ]t = t for all t ∈ T . Moreover, if e ∈ C is an idempotent such
that et = t for all t ∈ T , then E[T ]e = E[T ]. If T = {t}, we write E[t] instead of E[T ] for
brevity. For a maximal ideal m of B, an element a ∈ mQ if and only if E[a] ∈ m. Our first
result is the following
Theorem 2.1. Let R be a semiprime ring consisting of countably many elements. Then
there exists a collection of prime ideals Pβ , β ∈ Γ , such that⋂β∈Γ Pβ = 0 and such that
each Pβ is invariant under all derivations of R.
Proof. If R is a finite ring, then R is a direct product of finitely many simple Artinian rings
by the Wedderburn–Artin theorem. We are done in this case. So we may assume that R is
infinitely countable.
Consider the nonempty set Σ = {(x, y) ∈ R × R | E[x]E[y] = 0}. Since R is infinitely
countable, we enumerate elements of Σ as (a1, b1), (a2, b2), . . . , (an, bn), . . . . Given 0 =
t ∈ R, we construct a prime ideal Pt of R such that t /∈ Pt and such that Pt is invariant under
all derivations of R. Note that 0 = E[t] ∈ B. If E[t]a1Rb1 = 0, let e1 = E[t]. Otherwise, let
e1 = E[t]E[a1x1b1] = 0 for some x1 ∈ R. Assume that e1, . . . , en−1 have been defined. If
en−1anRbn = 0, let en = en−1. Otherwise, let en = en−1E[anxnbn] = 0 for some xn ∈ R.
So we have constructed inductively an infinite descending chain e1  e2  · · · of nonzero
elements in B. Choose an ideal mt of B maximal with respect to the property {e1, e2, . . .}∩
mt = ∅. Since the set {e1, e2, . . .} is closed under multiplication, the ideal mt of B is prime
hence maximal. Set Pt = mtQ ∩ R. We claim that Pt is a prime ideal of R.
For x ∈ Q we note that x ∈ mtQ if and only if E[x] ∈ mt . Let a, b ∈ R be such that
aRb ⊆ mtQ∩R. Consider first the case that E[a]E[b] = 0. By the primeness of mt , either
E[a] ∈ mt or E[b] ∈ mt , implying that a ∈ mtQ or b ∈ mtQ, respectively. So either a ∈ Pt
or b ∈ Pt , as desired. Suppose next that E[a]E[b] = 0. Then (a, b) = (an, bn) for some
n 1 and so anRbn ⊆ mtQ ∩R.
Assume for the moment that en−1(anRbn) = 0. Then, by the construction of en,
en = en−1E[anxnbn] = 0. Since en /∈ mt , we have E[anxnbn] /∈ mt , implying that anxnbn /∈
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either E[an] ∈ mt or E[bn] ∈ mt . Thus either an ∈ mtQ ∩ R or bn ∈ mtQ ∩ R, proving Pt
to be a prime ideal of R. It is clear that P δt ⊆ Pt for each derivation δ of R. Since E[t] /∈ mt ,
we see that t /∈ mtQ ∩ R = Pt . Clearly,⋂0=t∈R Pt = 0, proving the theorem. 
For t  1, consider the following expression in noncommuting indeterminates
D2t (X1, . . . ,Xt ;Y1, . . . , Yt ) =
∑
σ∈St
(−1)σXσ(1)Y1Xσ(2)Y2 · · ·Xσ(t−1)Yt−1Xσ(t)Yt ,
which is called the Capelli polynomial of degree t . The most important property of Capelli
polynomial is the following [13, Theorem 7.6.16]: Let R be a prime ring with extended
centroid C. Then x1, . . . , xt ∈ R are C-independent if and only if there exist y1, . . . , yt ∈ R
such that
D2t (x1, . . . , xt ;y1, . . . , yt ) = 0.
This will be frequently used below without further mentioning. Setting all Yi = 1 in the
Capelli polynomial above, we obtain
St (X1, . . . ,Xt ) =
∑
σ∈St
(−1)σXσ(1)Xσ(2) · · ·Xσ(t−1)Xσ(t),
which is called the standard polynomial of degree t . We call R a PI-ring if R satisfies a
polynomial identity with coefficients ±1. It is well known that the polynomial identity of
the lowest degree satisfied by a semiprime ring is of the form S2n(X1, . . . ,X2n) for some
n  1. We hence call this 2n the PI-degree of R. It is also well known [12, Corollary 1]
that, for a prime PI-ring R of PI-degree 2n, Q coincides with RC and is of dimension n2
over its extended centroid C. Our next result is the following
Theorem 2.2. Let R be a semiprime PI-ring. Then there exists a collection of prime ideals
Pβ , β ∈ Γ , such that⋂β∈Γ Pβ = 0 and such that each Pβ is invariant under all derivations
of R.
Proof. Fix a nonzero element t ∈ R. Let 2s be the PI-degree of the ideal RtR. There exist
xi, yj ∈ RtR, 0 i, j  s2, such that
D2s2(x1, . . . , xs2;y1, . . . , ys2) = 0.
Since
⋂
m mQ = 0, where m ranges over all maximal ideals of B and where Q/mQ is a
prime ring (see [1]), we choose a maximal ideal mt of B such that
D2s2(x1, . . . , xs2;y1, . . . , ys2) /∈ mtQ. (∗)
We claim that R ∩ mtQ is a prime ideal of R. It follows from (∗) that E[t] /∈ mt and so
1 − E[t] ∈ mt by the maximality of mt . Note that mt = E[t]mt ⊕ (1 − E[t])mt and that
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the symmetric Martindale quotient ring of R ∩ E[t]Q by [1, Proposition 2.3.14]. So, by
[1, Theorem 6.4.1], E[t]Q and R ∩ E[t]Q satisfy the same PIs. Also, RtR is an essential
ideal of R ∩ E[t]Q. So RtR and R ∩ E[t]Q also satisfy the same PIs. It follows that RtR
and E[t]Q satisfy the same PIs. Particularly, E[t]Q has PI-degree 2s. So E[t]Q/E[t]mtQ
has PI-degree  2s. Since Q/mtQ is isomorphic to E[t]Q/E[t]mtQ, the prime ring
Q/mtQ also has PI-degree  2s and hence its dimension over its extended centroid
C + mtQ/mtQ (see [1]) is  s2. By (∗), the images of x1, . . . , xs2 in Q/mtQ are in-
dependent over the extended centroid of Q/mtQ. So Q/mtQ must have PI-degree 2s and
the images of x1, . . . , xs2 in Q/mtQ span Q/mtQ over the extended centroid of Q/mtQ.
The primness of the image of R in Q/mtQ follows. But R + mtQ/mtQ is isomorphic to
R/R ∩ mtQ. So R ∩ mtQ is a prime ideal of R, as claimed. The ideal R ∩ mtQ is obvi-
ously invariant under derivations. It is also clear that these prime ideals R ∩ mtQ intersect
trivially. 
Let D be a collection of derivations of a ring R. An ideal I of R is called D-invariant if
I δ ⊆ I for all δ ∈D. We call an ideal I of R proper if I = R. Although Problem 3 remains
open, we have the following:
Theorem 2.3. Let R be a semiprime ring and let D be a collection of derivations of R. The
following two statements are equivalent.
(1) There is a collection of D-invariant prime ideals Pβ of R, β ∈ Γ , such that⋂
β∈Γ Pβ = 0.
(2) Each nonzero D-invariant ideal of R has a proper D-invariant prime ideal.
We need the following lemma, which is interesting in itself.
Lemma 2.4. Let R be a ring with a nonzero ideal I .
(1) If P0 is a proper prime ideal of I , then P = {x ∈ R | xI ⊆ P0} is a prime ideal of R
with P ∩ I = P0.
(2) If P is a prime ideal of R with I  P , then P ∩ I is also a proper prime ideal of I and
P = {x ∈ R | xI ⊆ P ∩ I }.
That is, there exists a one-one correspondence between the set of prime ideals of R which
do not include I and the set of all proper prime ideals of I .
Proof. (1) Firstly, PRI ⊆ P(RI) ⊆ PI ⊆ P0, implying PR ⊆ P . On the other hand,
I (RPI) ⊆ (IR)(P I) ⊆ IP0 ⊆ P0. Since P0 does not include I , we have RPI ⊆ P0 and
so RP ⊆ P by the definition of P . So P is an ideal of R. Let J and K be ideals of R such
that JK ⊆ P . That is, JKI ⊆ P0. In particular, (J I)(KI) ⊆ P0, implying that JI ⊆ P0
or KI ⊆ P0. Thus J ⊆ P or K ⊆ P . So P is a prime ideal of R. We claim next that
P ∩ I = P0. Set P ′ = P ∩ I . Clearly, P0 ⊆ P ′ . Also, by the definition of P we see that0 0
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P0 = P ′0.
(2) Since I  P , I ∩ P is a proper ideal of I . Since I/I ∩ P ∼= I + P/P and since
I + P/P is a prime ring, I ∩ P is a prime ideal of I . Set P ′ = {x ∈ R | xI ⊆ P ∩ I }. As
proved in (1) P ′ is an ideal of R and obviously P ′ ⊇ P . Also, P ′I ⊆ P ∩ I ⊆ P . Since
I  P , by the primeness of P we have P ′ ⊆ P . Thus P = P ′, proving the lemma. 
We are now ready to prove Theorem 2.3.
Proof of Theorem 2.3. (1) ⇒ (2) Let I be a nonzero D-invariant ideal of R. By (1) there
exists a D-invariant prime ideal P of R such that I  P . In view of Lemma 2.4, P ∩ I is
still a proper prime ideal of I . Clearly, P ∩ I is D-invariant, as asserted.
We next show (2) ⇒ (1). Let I denote the intersection of all D-invariant prime ideals of
R. Assume that I = 0. Observe that I , being an intersection of D-invariant ideals, is also
D-invariant. By (2), there exists a D-invariant prime ideal P0 of I such that P0 = I . Con-
sider P = {x ∈ R | xI ⊆ P0}. By Lemma 2.4, P is a prime ideal of R such that P ∩ I = P0.
We show that P is D-invariant. Let δ ∈D. Note that PIδ ⊆ PI ⊆ P0. Since PI ⊆ P0, we
have (P I)δ ⊆ P δ0 and so P δI ⊆ (P I)δ + PIδ ⊆ P0. Thus P δ ⊆ P follows from the def-
inition of P . By the definition of I , we have I ⊆ P , contrary to the fact P ∩ I = P0 = I .
This completes the proof. 
3. An application
To illustrate our viewpoint we give an application of Theorem 2.1. We denote by Z[t] the
polynomial ring in indeterminate t over Z, the ring of integers. A ring R is called co-radical
over a subring A if for each x ∈ R there exists a polynomial gx(t) ∈ Z[t] (depending on x)
so that x − x2gx(x) ∈ A. In [8] Herstein proved that a ring which is co-radical over its
center must be commutative. This was further generalized by Chacron [5] as follows: We
define the cohypercenter T (R) of a ring R to be the set of a ∈ R such that for each x ∈ R
there exists a polynomial gx(t) ∈ Z[t] (depending on x) so that [a, x − x2gx(x)] = 0.
Clearly, T (R) is a subring of R and includes the center of R. Chacron [5] proved that if R
is a semiprime ring, then T (R) coincides with the center of R. We reformulate this in terms
of derivations: Let d be the inner derivation defined by a ∈ R. That is, d(x) = ax − xa for
x ∈ R. So he proved that if d(x − x2gx(x)) = 0 for all x ∈ R, then d = 0. When the ring
considered is a prime ring, Lee and Pan [10] extended Chacron’s theorem to any derivation,
not necessarily inner.
Theorem 3.1. [10] Let R be a prime ring with d a nonzero derivation. Suppose
that for each x ∈ R, there is a polynomial gx(t) ∈ Z[t], depending on x, so that
d(x − x2gx(x)) = 0. Then R is commutative.
As an application of Theorem 2.1 we extend Theorem 3.1 to semiprime rings and thus
give a full generalization of Chacron’s theorem [5] to derivations.
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x ∈ R, there is a polynomial gx(t) ∈ Z[t], depending on x, so that d(x − x2gx(x)) = 0.
Then d(R)[R,R] = 0.
Proof. Suppose towards to a contradiction that d(R)[R,R] = 0. Choose u,v,w ∈ R so
that d(u)[v,w] = 0. Denote by A0 the subring of R generated by u,v,w. It is clear that
A0 is a countable subring of R. Since R is a semiprime ring, for each element a ∈ A0 we
can choose an element xa ∈ R such that axaa = 0. We denote by A1 the subring of R
generated by A0 ∪ {xa | a ∈ A0} ∪ d(A0). Suppose that we have defined Aj for j  1. For
each element a ∈ Aj we can choose an element xa ∈ R such that axaa = 0. We denote by
Aj+1 the subring of R generated by Aj ∪ {xa | a ∈ Aj } ∪ d(Aj ). It is clear that each Ai
is a countable subring of R satisfying d(Ai) ⊆ Ai+1 and A0 ⊆ A1 ⊆ A2 ⊆ · · · . Consider
R0 =⋃∞i=0 Ai . Then R0 is a countable subring of R satisfying d(R0) ⊆ R0. Moreover, R0
itself is a semiprime ring since aAj+1a = 0 for all 0 = a ∈ Aj and all j . It is clear that all
hypotheses can be passed from R to the subring R0. We may assume from the start that R
is a countable ring.
Applying Theorem 2.1, there exists a collection of d-invariant prime ideals Pβ , β ∈ Γ ,
of R with zero intersection. For β ∈ Γ we denote R¯ = R/Pβ and denote by d¯ the
derivation of R¯ induced canonically by d . Then for each x¯ ∈ R¯, there is a polynomial
gx¯(t) ∈ Z[t] (depending on x¯) so that d¯(x¯ − x¯2gx¯(x¯)) = 0. In view of [10, Theorem 4], ei-
ther d¯ = 0 or [R¯, R¯] = 0. Therefore d(R)[R,R] ⊆ Pβ . Since ⋂β∈Γ Pβ = 0, we conclude
that d(R)[R,R] = 0, a contradiction. This proves the theorem. 
Applying the theory of orthogonal completion of semiprime rings we can rewrite The-
orem 3.2 in the following form. It is well known that every derivation of a semiprime ring
can be uniquely extended to a derivation of its symmetric Martindale quotient ring.
Theorem 3.3. Let R be a semiprime ring with symmetric Martindale quotient ring Q and
let d be a derivation of R. Suppose that for each x ∈ R, there is a polynomial gx(t) ∈ Z[t],
depending on x, so that d(x − x2gx(x)) = 0. Then Q has a ring decomposition Q =
Q1 ⊕Q2 such that d vanishes on Q1 and Q2 is commutative.
Proof. We denote by C the extended centroid of R. By Theorem 3.2, d(R)[R,R] = 0.
Denote by I the ideal of R generated by d(R) and let J be the annihilator ideal of I in R.
Consider the map Φ : I ⊕ J → R defined by a + b → b for a ∈ I and b ∈ J . It is clear
that Φ is an (R,R)-bimodule map and so it defines an element e ∈ C. The element e is an
idempotent and, moreover, ed(R) = 0 and (1 − e)[R,R] = 0. A direct computation proves
that ed(Q) = 0 and [(1 − e)Q, (1 − e)Q] = 0. Set Q1 = eQ and Q2 = (1 − e)Q. Then Q
has the ring decomposition Q = Q1 ⊕ Q2 such that d = 0 on Q1 and Q2 is commutative,
proving the theorem. 
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